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INFINITE VOLUME LIMITS 
OF POLYMER CHAINS WITH PERIODIC CHARGES 

'<D' 

§ . FRANCESCO CARAVENNA, GIAMBATTISTA GIACOMIN, AND LORENZO ZAMBOTTI 
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Vh ' Abstract. The aim of this paper is twofold: 

- To give an elementary and self-contained proof of an explicit formula for the free energy 
for a general class of polymer chains interacting with an environment through periodic 
potentials. This generalizes a result in in which the formula is derived by using the 
Donsker-Varadhan Large Deviations theory for Markov chains. We exploit instead tools 
from renewal theory. 

- To identify the infinite volume limits of the system. In particular, in the different 
P^ ■ regimes we encounter transient, null recurrent and positive recurrent processes (which 
PL^ ' correspond to delocalized, critical and localized behaviors of the trajectories). This is 

done by exploiting the sharp estimates on the partition function of the system obtained 
by the renewal theory approach. 

The precise characterization of the infinite volume limits of the system exposes a 
non- uniqueness problem. We will however explain in detail how this (at first) surprising 
phenomenon is instead due to the presence of a first-order phase transition. 
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-5^ . 1. Introduction and main results 

"^ I The real systems that we want to model are schematized in Fig. [1] A linear polymer, 

that is a chain made up of almost repetitive units (the monomers), fluctuates in a medium 
constituted by two solvents, A and B, separated by an interface. We say almost repetitive 
because the monomers differ for one property, that we call charge, that determines the 
affinity of the monomer for one or the other solvent (in the figure the charge is considered 
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H \ simply as positive, i.e. A-favorable, or negative, i.e. B-favorable, but in general it may 

have an intensity which also varies from monomer to monomer). 
Let us consider the following two possible scenarios: 

1- Imagine that there are as many monomers preferring the solvent A as the ones 
preferring B and that the charges are distributed along the chain in such a way that, 
roughly, the charges alternate. Then the only configurations with all monomers in 
their preferred solvent are configurations that stick closely to the interface. This 
is true even if the matching of charges and solvents is only approximate. If this is 
what happens, we say that the polymer is localized at the interface. 

2- The limit of the argument above is that it takes into account only of energetic 
effects (the charge dependent interaction monomer-solvent). In particular perfect 
matchings are essentially impossible in large systems with non zero temperature, 
but imperfect matchings leave open the possibility of observing the localization 
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phenomenon outlined above. In reality however, if for example the A-favorable 
monomers outnumber the B-favorable ones, say in a ratio two to one, then it is 
still true that the polymer may end up optimizing the energetic gain via (possibly 
imperfect) matchings, but it may also take the different strategy of lying above the 
interface almost all the time, performing in this way only very imperfect matchings, 
two over three, but gaining (presumably) very much in fluctuation freedom (the 
so called entropic gain) . 

The situation is therefore rather unclear and it appears that a non trivial energy-entropy 
competition is governing the system. 



A-favorable 
B-favorable 



interface layer 




Figure 1 . a polymer is made up of two types of monomers, type A that lies preferably 
in the solvent A and type B that prefers solvent B (a thicker line denotes the stretches 
of A-favorable monomers). In order to satisfy the preferences of all the monomers, the 
polymer has to keep close to the interface between the two solvents. However entropy 
plays a role too and observing perfect monomer-solvent matchings is highly improbable 
as long as the temperature of the system is non zero. A realistic model may also include 
a different type of interaction, attractive or repulsive, at the interface layer. 



The type of polymer we have introduced is what is called a copolymer, a synonymous 
with heterogeneous polymer, and the physical system goes under the name of copolymer 
near an interface between selective solvents [SJ 1171 IT^ . More realistic would be however to 
consider that the interface is typically non extremely sharp and there is a layer in which 
the two solvents mix (we could also imagine that in this layer are trapped some impurities) 
and the monomers may pay a price or receive a reward in crossing, or even lying on, the 
interface layer. This extra interaction is normally referred to as a pinning or depinning 
interaction (but also as adsorption/desorption) |24j . 

One can also imagine the extreme case in which there is no monomer-solvent interaction, 
but there are only (de)pinning interactions: this is a very realistic situation too, even 
beyond the two solvent picture we have given. One can in fact imagine that a polymer 
fluctuates freely in space (or in a solvent), except when it is in proximity of a defect line 
with which it interacts, see e.g. PP and references therein. 

The literature on the realistic situations that we have just outlined is vast. A con- 
siderable part of it focuses on a case which is very relevant for applications: the one of 
periodic distribution of charges (we mention of course also the other extremely relevant 
case of disordered charge distributions ^ [31 E] ) ■ With this we mean that the sequence 
of charges repeats after a finite number of monomer units and the polymer is effectively 
made up piecing together identical stretches of monomers. In this paper we focus exactly 
on modeling periodic copolymer models with adsorption (or pinning) interactions. 
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A further important remark is that a polymer model should include the so called ex- 
cluded volume interaction, which leads to self-avoiding walks. We will enforce the self- 
avoiding condition by making the rather drastic choice of considering directed polymers 
(of course the trajectory in Fig. ^ may be self-avoiding, if the space is three dimensional). 

1.1. The model. We consider a random walk S := {S'nIneNulo} that is ^o = and 
Sn := Z^fci^i' where {Xjjjgpj is an IID sequence with P(Xi = +1) = P(Xi = —1) = 
p £ (0, 1/2) and P(Xi = 0) = 1 — 2p (we have decided to exclude p = 1/2 only for 
notational convenience, because of the periodicity of the walk). 

The walk S is our free model. We suppose that S interacts with an environment, that we 
model with four periodic sequences io^~^^' , lo^~^\ uj^^' and uj^^> . We consider two models, 
respectively free and constrained, defined by 

dPiv^ exp(7^jv(5')) dP^ exp(?^Af(5)) 

^^(^) = ^ -d ^^(5) = ^ Ms.=o}, (1.1) 

N,Lu N,uj 

where the Hamiltonian is 

N N N 

'^n{S) := Yl E^-^l{-gn(5n)-} + E'^n°^l{5n=0} + E^n°^l{-gn(5„)=0} • (1-2) 

i=±l n=l n=l n=l 

Some comments are in order: 

(1) uj^ > , uj^^' and uj^^' are periodic sequences of real numbers, describing the interac- 
tion of the monomers with the solvents and the interface. We say that the sequence 
uj = {uJn}neN is periodic if there exists T G N such that Wn+T = ^n for every n. 
The smallest such T is the period of uj. From now on uj rather denotes the four 
periodic sequences appearing in ()1.2() . and we will use T = T{uj) to denote the 
least common multiple of the periods of w' •*, uj^^' and uj^^K 

(2) To define sign(5„) when S'n = we adopt the following convention: if Sn-i 7^ 
we set sign(5„) := sign(S'„_i) while if also 5^-1 = we set sign(5n) := 0. This 
definition has the following simple interpretation: sign(S'„) = +1, —1 or according 
to whether the bond {Sn-i,Sn) lies above, below or on the x-axis. 

(3) Z'^ ^ := E[exp('HAr) (l{a=f} + l{a=c}l{S'jv=o})] is the normalization constant, that 
is usually called partition function. 

(4) The measure P^j^ is invariant under the joint transformation S -^ —S and 
u!^^^' -^ u!^~^\ hence we may (and will) assume that 

n=l 

Remark 1.1 (Copolymers and pinning models). The general model (jl.lj) that we consider 
will be referred to as a copolymer with adsorption model. This includes as special cases the 
copolymer and pinning models that were mentioned informally above. More precisely, the 
copolymer model corresponds to the choice u)^^' = uj^^' = (this formulation generalizes 
the case considered in 16 J. If instead we set uj^ ' = we are left with the interactions at 
the interface, or defect line, and we are dealing with a pinning model. We stress that much 
of the literature on periodic models, e.g. ^3 ^1 EI for the copolymer case and jj^ for 
the pinning case, focuses on the case of T = 2. We mention as exceptions J2J that deals 
with the free energy of very particular types of periodic sequences and |22| I2,SJ treating. 
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in a qualitative and non rigorous fashion, arbitrary T models (see [H] for more details on 
the literature). 

1.2. The free energy and the locaUzation/delocaUzation alternative. Getting 
back to the general model (|1.1|) . we observe that from a technical viewpoint it is con- 
venient to set 

TV 

n'^{s) ■.= nN{s) - Y.^'n'^^ (1-4) 

n=l 

Which just corresponds to u:'^'^ - 0, Jn'^ ^ {Jn'^ - Jri''^ ^1°) - (Si°) - Jn^''^), and 
to note that this new energy yields the same polymer measures, namely 

dP^ expj?40S)) ,11 ^ (, .\ 

HP WJ - ^ ll{a=f} + l{a=c}l{5iv=0}j , (1-5) 

where the new partition function is just Z'^ ^ = Z'^ ^ exp(— Yln=i ^"- )• 

It is not difficult to see that {logZ^^^}„ is a super-additive sequence and from this to 
establish the existence of the limit 

^^ '■= J™ Tflog^^,^- (1-6) 

F^ is the free energy of the system. It is also rather straightforward to show that (|1.6|) 
holds also if we replace the superscript c with f , i.e. the free energy does not depend on 
the boundary condition. For a proof of these facts the reader is referred for example to 
J13j . but we stress that in this paper we will give a proof of the existence of the limit in 
(|1.6|) that does not rely on super-additivity, see Section |2j 

Leaving aside for the moment the problem of determining F^^, we focus instead on a 
simple but crucial aspect of the free energy, namely that 

F.. > 0. (1.7) 

The proof of this fact is absolutely elementary: 



^ log Z%^^ > 1e [exp {n'^iS)) ; 5„ > for n = 1, . . . , iV - 1] 
= ^logQexp(.S))K(iV)V-^-0, 



(1.8) 



where we have introduced the notation K{N) := P{Sn 7^ for n = 1, . . . ,N — 1 and 
Sn = 0) and we have used the polynomial decay of K{-). Later on we will need the precise 
asymptotic behavior of K{-). This can be found in [lUt Ch. XII] and we anticipate it here: 

^•W "=~ W'-' (!■=') 

for a positive constant ck that depends on p (by ajy ~ b]\f we mean of course a^ /h^ — > 1 

as A^ ^ 00). 

Inspired by p.7|) and by its proof, it is customary to say that the system is 

- localized if ¥^ > 0; 

- delocalized if F^^ = 0. 

As unsatisfactory as this definition may look at first, we will see in the next paragraph 
that the above dichotomy captures some of the essential features of the system. For the 
moment we would like to stress that the free energy F^^ admits an exphcit formula in terms 
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of the charges lo, see Theorem 12.11 below, that has been first derived in [H|, by means of 
large deviations techniques, and then re-obtained in jHj, using a more direct approach 
based on renewal theory. One of the purposes of this work is to present (in Section \^ a 
direct self-contained proof of this formula, using renewal theory ideas in analogy to 8^ . As 
we shall see next, the renewal theory approach allows to go much further. 

1.3. From free energy to path behavior. A very natural question is whether the 
localization (resp. delocalization) defined in terms of the free energy does correspond to a 
real localized (resp. delocalized) behavior of the trajectories of the polymer measure P^^^. 
A positive answer to this question had been already given before, but only in terms of weak 
(de)localization results and leaving out essentially in all instances the critical behavior (see 
[Hj and references therein). We have instead given strong path results in terms of scaling 
limits in |S], by exploiting renewal theory ideas. Here we pursue the line and obtain the 
precise characterization of the infinite volume limit of the system. 

The key technical point is that we can go well beyond the Laplace asymptotic behavior 
captured by the free energy. In fact in jH| we have shown that there exists a basic parameter 
Suji which is an explicit function of the charges w, that determines the precise asymptotic 
behavior of the partition function (we define 6uj in (|2.7|) , but the precise expression of ^^ 
is not essential now). Let us denote by S the Abelian group Z/(TZ), that is {0, . . . , T — 1} 
with sum modulo T, and we write equivalently [n] = a or n G a to denote that n is in the 
equivalence class of a G S. The result proven in is: 

Theorem 1.2 (Sharp asymptotic estimates). Fix r] G S and consider the asymptotic 

behavior of Z'f^^ as N ^ oo along [N] = rj. Then: 

(1) If6^<l then Z%^^ ~ C<,/A^3/2 . 

(2) If 6^ = 1 then Zj,^^ ~ C=jNy^; 

(3) If6^>l then F<^ > and Z%^^ ~ C>^ exp [f^N), 

where the positive quantities F^^, C^^^, C^.^ and C^^^ are given explicitly in Theorem \3.1\ 

In Theorem 13. II one finds also the asymptotic behavior for the free endpoint case. We 
remark that Theorem 11.21 implies that the localized regime corresponds to 6^ > 1. The 
complementary delocalized regime S^^ < 1 clearly splits in two sub-regimes that we call 
strictly delocalized regime (6i^ < 1) and critical regime {5i^ = !)• The reason for such a 
denomination is clear if one considers that a; i— > (5^; is a continuous function on the set 
{uj : T(uj) = T} (that is for fixed period) and hence arbitrarily small variations in uj may 
change (5^ = 1 to (^^^ > 1 or 5^ < 1, while of course the localized and strictly delocalized 
regimes are stable. 

Theorem 11.21 has been applied in |S] to determine the scaling limits of our models. 
More precisely, it has been shown that for every fixed rj £ S the linear interpolation of 
{Si/N/VN}i=o,...,N under P^^^ converges in distribution as A^ ^ oo along the subsequence 
[A^] = rj. The properties of the limit process (that in general may depend on the choice 
of rj) are radically different in the three regimes 5uj = 1 and this gives a precise picture of 
localization/delocalization (see jHl Th. 1.3]). 

It is natural to look at the scaling limits as describing the global properties of the 
system. In this paper we focus rather on the infinite volume limit of our model, that is 
on the weak convergence of the polymer measures P^^; without rescaling, as a measure 
on Z ■^'^J. The latter space being equipped with the product topology, weak convergence 
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simply means convergence of all finite dimensional marginal distributions and hence the 
infinite volume limit contains the information on the local properties of the model. 

In the following theorem, that is our main result, we characterize the possible limits of 
P^j^, showing that they exhibit distinctive features of localization/delcalization according 
to whether 6i_j > 1 or 6i_j < 1 (the critical case 6^ = 1 is borderline, as for the scaling limits). 

Theorem 1.3 (Infinite volume limit). For every r/ G § and for a = f, c the polymer 
measure P^ ^^ converges weakly as N ^ oo along the subsequences [N] = r] to a limit 
measure P^,'"? lo-w of an irreducible Markov process on Z which is: 

• positive recurrent if 6uj > 1 (localized regime) ; 

• null recurrent if 6^ = 1 (critical regime) ; 

• transient if 5^ <1 (strictly delocalized regime) . 

When (5a; > 1 the limit law P^,'"^ = P^ does not depend on rj and a, hence both the polymer 
measures Pj\[^ and P^^^ converge weakly as N ^ oo to the same limit P^j. 

We prove this theorem in Section [3 exploiting the precise asymptotic behavior of Z'^ ^ 
given in Theorem ll.2l and in Proposition 13. II and we also provide an explicit construction 
of the limit law P^,'" in all regimes. We also point out that the transition kernel of the 
Markov law P^,'" is only periodically inhomogeneous, that is P'^'^'i'^n+i = y\Sn = x) is a 
T-periodic function of n. 

Results similar to Theorems 11.21 and 11.31 have been obtained for homogeneous pinning 
systems (see [ZUHlEl) and for periodic pinning models in the T = 2 case 17^ (we stress 
however that a T = 2 periodic pinning model based on simple random walk becomes, by 
considering the marginal on odd or even sites, a homogeneous model based on a random 
walk with jumps in { — 1,0, 1}: this decimation procedure is less straightforward for T > 2 
and it leads to rather involved models). 

In spite of recent advances, see |141 I15j and references therein, obtaining results like 
Theorem 11.21 and Theorem 11.31 for disordered models appears to be a real challenge (the 
problem is more apparent for the delocalized regime, but also the localized regime of 
disordered systems is still only partly understood). 

1.4. Non-uniqueness and first order transition. It should have possibly struck the 
reader the dependence of the infinite volume limit on the boundary conditions [N] and 
on a = f , c in the strictly delocalized regime d^j < 1 (recall that our system is one dimen- 
sional!). This trouble was already present in |H| Th. 1.3], i.e. for the scaling limits, where 
however also the critical regime is affected. 

Here we are going to clarify this point. First of all we point out that for a large number of 
cases, that we characterize explicitly in H5.21 all limit laws P^''* appearing in Theorem II. 31 
in fact coincide also in the strictly delocalized regime, hence there is only one infinite 
volume measure which is the limit of both P^vc^ and P^^^ as A^ ^ oo. This is true in 
particular for copolymer and pinning models (defined in Remark II. 1(1 . 

However there do exist cases when the laws P^,'" have a real dependence on the boundary 
conditions a = f, c and [N] = r] (we anticipate that this happens only for h^^ = 0). 
In Section |21 we study in detail this phenomenon, showing that all possible limit laws 
P^,'" are in fact superpositions of two extremal Gibbs measures Q^ and Q~, that we 
define explicitly and which differ sharply for the asymptotic behavior as A^ ^ oo: with 
probability 1, Sn -^ +00 under Q^ and Sn — > — 00 under Qj (we recall that for (5^; < 1 
the infinite volume process is transient). We insist however on the fact that, in general. 
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Q^ differ also for the statistics of the finitely many returns close to the origin and they 
are not related by a simple symmetry. 




+1 



(3 



Figure 2. A sketch of the phase diagram for the model ll.lOH . Approaching /i = in 
the sense of the dashed arrowed hnes, one observes the two sharply different behaviors 
of paths completely delocalized above {g = +1) or below (g = —1) the interface. Taking 
the (weak) limits as /i \ (respectively ft / 0) of the infinite volume measures one 
obtains precisely the measure Q^ (respectively Qj). The infinite volume limit for h = 
instead exists only along subsequences since there are in general T different limit points 
(for the constrained endpoint case and T for the free endpoint case) that are different 
superpositions of Q^ and Q~. 



We stress that this multiplicity of infinite volume measures should not be regarded as a 
pathology, but it is rather the sign of the presence of a first order phase transition in the 
system. In order to be more precise let us consider for instance the case of 



dP 



N,ui 



dP 



iS) 
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N 



Zn,l 



exp ^ (cjn + h) sign (Sn) 



N 



{Sn=0} ' 



(1.10) 



with h and (3 two real parameters and u) a fixed centered (X]„^ 



UJn 



0) periodic con- 



figuration of charges which is non trivial, that is Wj 7^ for some i. For the sake of this 
paragraph we define the free energy directly by /(/?, /i) := lim.N-^oo N~^ log Zj\f^^, that is 
we do not make the transformation ()1.4() . Then with arguments analogous to H1.8() one gets 
/(/?) h) > \h\ and hence we say that the system is localized if /(/3, h) > \h\ and delocalized 
iffiP,h) = \h\. 

The phase diagram of such a model is sketched in Figure El In particular it is easy to 
show that for /3 sufficiently large and positive the system is delocalized for any value of h. 
On the other hand, for (/?, h) = (0, 0) the system is localized, see [8, App. B] or 6 . By the 
monotonicity of the free energy in /?, one immediately infers that there exists /3c > such 
that at /i = localization (resp. delocalization) prevails for (3 < f5c (resp. for j3 > (3c)- 

The interesting point is that the delocalized regime that appears when (3 > f3c has 
sharply different properties according to the sign of h: in fact, since f{P,h) = \h\, the 
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quantity g{/3,h) := df{f3,h)/dh takes the value +1 for /i > and —1 for h < 0. Notice 
that this quantity has the following direct interpretation {h ^ 0): 

N 



g{P, h) := lim B^^^ 



-^sign(S„ 



n=l 



(1.11) 



Since for (3 > (ic the free energy is not differentiable at /i = 0, the system is said to undergo 
a iirst order phase transition. 

It is worth remarking that first order phase transitions are usually associated to multiple 
infinite volume limits {phase coexistence) like the ones obtained in Theorem 11.31 In our 
case we are able to assert with precision that Q^ are pure phases (that is extremal Gibbs 
states) and which linear combination of Q^ and Q~ one obtains taking the limits along 
the subsequences with fixed values of [N]. 

1.5. Outline of the paper. In Section [2 we give the formula for F^^ and its proof based 
on renewal theory: along the proof the fundamental processes characterizing the rest of 
the paper will appear naturally. Section [21 contains only algebraic manipulations and basic 
probability facts. In Section |21 we recall and discuss a more general version of Theorem ll.21 
proven in jS|- In Section 0] we make a number of manipulations on the finite volume 
polymer measures that clarify the role of the random set of contacts of the polymer with 
the interface and the excursions of the polymer in the solvents. In Section[51we identify the 
infinite volume limits of the system, proving in particular Theorem ll.3l Finally, in Section|Hl 
we unravel the non-uniqueness phenomenon encountered by taking infinite volume limits. 

2. A RENEWAL THEORY PATH TO AN EXPLICIT EXPRESSION FOR THE FREE ENERGY 

We are going to explain how renewal theory ideas lead to a representation formula for 
the partition function Zf^^ that we exploit to establish an explicit formula for the free 
energy F^^. It will be clear that one can go much beyond with such a formula and we will 
explain (without a full proof) how to obtain Theorem 11.21 from it. 

2.1. The matrix encoding procedure. In order to give the formula for the free energy 
we need to recall the matrix encoding procedure presented in ^. We recall the definition 
S := Z/rZ and, for n G Z, we denote by [n] € S the equivalence class of n, that is if 
m E [n] there exists j £ I' such that m = n + jT. 

The basic structure underlying S is for us the renewal process r := {tj}j=o,i,... defined 
by To := and 

Tj+i := inf {n > Tj : 5„ = 0} , (2.1) 

and, since S is recurrent, Tj < oo for every j, P-a.s.. The sequence r, which we will view 
also as a random subset of NU {0}, is a renewal process precisely because {tj — Tj-i}j^n 
is an IID sequence. It is therefore fully characterized by the law of ri and we have already 
set the notation P(ri = n) = K{n). Note that, by (|1.9|) . S is only null recurrent, since 
E[r] = +00. In renewal terms, r is persistent (but we will prefer to refer to it as recurrent) 
and in fact null persistent. 

Next we can define a S x S matrix 'Sa,i3 by the relation 

J2 (4"'^ - 4+'^) = -(^2 - ni) h^ + ^n,Un,] , (2.2) 

n=ni+l 

where h^^ has been defined in (|1.3j) (we stress that the matrix S^^^ is well-defined because 
the charges cv are T-periodic). In this way we have decomposed the above sum into a drift 



INFINITE VOLUME LIMITS OF PERIODIC POLYMER CHAINS 



term and a fluctuating term, where the latter has the key property of depending on ni 
and on n2 only through the respective equivalence classes [ni] and [722]. Now for a,/3 G S 
and £ S N we define 

4°) + (^^^-4"-'^) ifi=l,iGP-a 



KA^) ■■- 



^p^+log(^(l + exp{-£h^ + ^^A)) if^>l, ^e/3-a ; (2-3) 
otherwise 

and for n £ N we introduce the S x S matrix M^{n) defined by 

M^A^) := e*-^(") K(n) 1(„,^_„) . (2.4) 

Summing over n G N the entries of M^ we obtain a S x S matrix B: 

B^^p := Y,K,/3H- (2-5) 

nGN 

We finally introduce for 6 > the S x S matrix A^{b): 

<l3(b) := J2 ^a,/3 W exp(-6n) . (2.6) 

neN 

Notice that A'^(O) = B. It is important to note that A^{b) is a matrix with positive 
entries and therefore, by the classical Perron- Frobenius Theorem |2j, its spectral radius 
Zt^(6) is also a positive eigenvalue, with the property that the corresponding left and right 
eigenvectors may be chosen to have strictly positive components. Moreover Zi^{b) has also 
the property of being simple, that is its eigenspace has dimension one, and it is larger than 
the absolute value of any other (possibly complex) eigenvalue of A^{b). 

We know also that Z^(6) is a smooth function of b, since A^ n{-) is smooth for every a 
and /?, and that Z(^(-) is also strictly decreasing, since the entries A^ n{-) are. The inverse 
function of Z^{-), which is defined on the domain (0, 6^;], will be denoted by ZJ^(-). 

We now introduce the basic positive parameter 6^^, which is defined by 

Su. := Z^(0) . (2.7) 

2.2. A matrix representation and the formula for the free energy. We are now 

ready to give the explicit formula for the free energy F^^: 

Theorem 2.1. The limit in (jl.6|) exists and is given by 

rz;.(l) if*„>l 

As a preliminary step for the proof of Theorem 12.11 we will make a manipulation on 
the formula for Z'j^ ^ leading to a particularly useful matrix expression. This is in reality 
very simple, just set ln := sup{j : Tj < N} and notice that {A^ G r} = {ti,^^ = N} is 
just the event that Tk = N for some k. Then, by conditioning on the return times r and 
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integrating on the up-down symmetry of the excursions of S, we can write 



Zn,u^ - E 



tjV 



Il^^p{%,.,Ur,]i^j-rj-i));NeT 



fe=i io,...,tfceNu{o} i=i 

0=:to<ii<---<tfe:=Ar 



(2. 



r„,/3(n) := ^^ exp(-6n) M^^f,{n) ^ . (2.10) 



But we can go further with the fohowing algebraic manipulation: let us denote by ^ = 
^(6) G (0, oo)^ the right eigenvector of A'^{b) with eigenvalue Z^;(6) (the precise normal 
ization is inessential). Then we introduce the probability kernel 

47vexp(-6n)M-^(n)i^ 

^ui\0) C,, 

Equation (|2.9)) may then be rewritten as 

Z^,, = eMbN)f^Yl E Z-W'nrfe-.],fe](i.-i.-i)- (2-11) 

^[^1 k=l tov,tfc6NU{0} j=l 

0=:to<ti<...<tk:=N 



Remark 2.2. We have called T probability kernel because 

1 (Mb) 

Z(6) Ca 



2^r„,^(^) - ^7T7 — 7 — - 1' (2-12) 



n,/3 

because by definition ^ is the right Perron Frobenius eigenvector of A{b) (notice that we 
have dropped the explicit dependence on uj, something that we will frequently do below). 
Therefore it is possible to interpret F as the transition matrix of a Markov chain on S x N 
that we denote {{Jk,Tk)}k=o,i,...'- 

¥b{{Jk+i,Tk+i) = iP,n)\{Jk,Tk) = {a,m)) = F„,^(n) . (2.13) 

Note that since this transition probability does not depend on m, this chain may be built 
by first sampling the {Jk}k process, that is a finite state space (S) Markov chain with 
transition matrix X]n^a,/3(^)' ^^^ then sampling {T^j^ as independent random variables 
with distributions Tj^_^^j^{-)/^^Tj^_^^j^{n). 

Thanks to Remark 12.21 we interpret (|2.1H) in probabilistic terms: for Jq := [0] (and 
To := for definiteness, but the value of Tq is irrelevant) we define the Markov renewal 
process f as the partial sum process of the sequence {Tk}k-, that is 

r- := Ti + . . . + Tj, j e N, tq := . (2.14) 

This is a particular case of the general class of Markov renewal processes treated for 
example in [2]. In terms on this new process, (|2.1H) takes a nice probabilistic expression: 

Lemma 2.3. For every b we have 

Z%^ = exp(67V) 1^ Efc k(6)'^; iV G fl , (2.15) 

K\N\ L J 

where Ijq := inf{j : fj < A^} = max('f n {0, 1, . . . , A^}) and we have exploited the fact that 
f may be looked upon as a (random) subset o/N U {0}. 
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The proof of this lemma follows immediately from (|2.11|) , (|2.13|) and (|2.14|) . Next we pass 
to the proof of Theorem 12.11 treating separately the three regimes 5^^ = 1. 

Proof of Theorem \2. IV case 5^ > 1. Since 5^ = Ztj(O) > 1, the image of Z^(-) contains 1 
and we can set b := ZJ-'^(l), so that Z^(6) = 1 and ()2.15|) becomes 



-'N^ui 



exp(6iV) P^Fb{N ef) . (2.16) 



Since ^ is a vector with positive entries, (|2.16|) implies immediately that the superior limit 
of {(1/A^) log Zf^ ^}j\f is bounded above by b and it suffices to show that P;, {N £ f) does 
not vanish exponentially fast in N to establish that the free energy exists and that it takes 
the value b. However it is rather intuitive that a much better bound holds, namely that 
there exists c > such that 

infPfc(A^Gf) > c, (2.17) 

N 

because since b > the process f is positive recurrent, that is supjEb[Tj] < oo. This is 
in fact a consequence of the Markov Renewal Theorem [2j Th. VII. 4. 3], which gives the 
precise asymptotic behavior of P5 (N £ f) as N ^ 00. More directly, it suffices to remark 
that the processes f^ := {fj : Jj = /3} is a classical (i.e. no Markov dependence) positive 
recurrent renewal process and that Pf, (A^ G f) = Pj, [N G f^) for f3 = [N]. Therefore the 

classical Renewal Theorem yields P;, (A^ G f^) -^ T/E,h[f2 — f^] > as A^ ^ 00 along the 
subsequence [N] = (5, and 1)2. 17(1 is proven, because there are only finitely many options 
for [3. U 

Proof of Theorem V^.li case 5uj = 1. Since 5i^ = Zi^(O) = 1, also in this case 1 is in the 
image of Z^{-) and we set b = ZJ^(l) = 0. In particular, limsupjv(l/A^) log Z^^^ < 6 = 
like before, but we cannot proceed like above for a lower bound, since, under Pq, t is 
null recurrent (that is IEo['rj- — tj_i] = 00). However, by (jl.8j) . we already know that 
liminf7v(l/iV) log Zf^ ^ > and we are done. D 

Proof of Theorem \2.R case d^j < 1. This is quick too: since (5^ = Ztj(O) < 1, by choosing 
6 = in (j2.15|) we clearly see that Z^j ^ = 0(1), so limsup^(l/A^) log Z^^ < 0, and 
(jl.8() provides the lower bound. Note that in this case to the Markov renewal process is 
superimposed a killing rate Z^(0) and it is this transient or terminating process that we 
should consider as the Markov renewal process naturally associated to the regime in which 
Za;(0) < 1 (this point will emerge clearly in Section EJ. □ 

Remark 2.4. The proof we just completed implicitly contains the most fundamental ideas 
of this work, but also of jHI- Theorem 11.21 should appear now as the natural sharpening of 
this proof: it is clear that it requires sharp estimates on suitable mass renewal functions, 
that is Pb(A^ G r) and that the three regimes, corresponding to positive recurrent, null 
recurrent and transient Markov renewals, require different techniques and they in fact 
yield very different results. We also stress that the Markov renewal processes arising in 
the three regimes are not mere technical tools: they are in fact the limiting processes given 
in Section [T31 
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3. Sharp asymptotic estimates 

The aim of this section is to report a more detailed version of Theorem 11.21 collecting 
the results obtained in Section 3 of i8j, see Theorem 13. II below. 

We recall from the last section the notation ^ = ^(6) for the right Perron-Probenius 
eigenvector of the matrix A(b), defined in (|2.6jl . More explicitly: 

^ ^„,^(6) e^ = Z(6) Ca, V a G S, (3.1) 

7 

where we recall that Z{b) is the Perron-Probenius eigenvalue of A{b) . We choose ^ in (0, oo) 
and we fix the normalization ^ ^^ = 1. As in the proof of Theorem 12. 11 we observe that 
when Soj > 1 the image of Z(-) contains 1 and hence we can set b := Z^^(l) = F^j. Prom 
now on, we will always means that when 6^^ > 1 the eigenvector ^ = ^(6) is evaluated for 
6 = F(^ (when (5^^ < 1 we do not need to use the eigenvector). 

Theorem 3.1 (Sharp asymptotic estimates). Let A; G N with [k] = a. Then as N ^ oo 
along [N] = r] we have: 

(1) If 6^ > 1 then there exist constants c" > 0, a = f , c, such that: 

(3.2) 
(3.3) 

(3.4) 

The precise value of the constants {cj^, kJJ, A^ ,^} is given in |H1 §3.2, §3.3, §3.4] and that 
of AJ^ also in 1)5. 8|) below. Here we notice that for J^^ > 1 the prefactor in the asymptotic 
behavior of Z'^_j^ e uj ^^ equal to a constant, depending on r/ and a, multiplied by the 
eigenvector ^„: this fact will be important in the proof of Proposition 15.21 below. On the 
other hand, for 6^^ < 1 in general the constant A^ does not admit such a factorization 
and this is the source of the dependence of the infinite volume limit on the boundary 
conditions a = f , c and [N] = r]. This phenomenon, anticipated in ^1.41 is studied in detail 
in Section ini 

4. The polymer measure: contact set and excursions 

In this section we perform a preliminary analysis of the polymer measure PJv ^^ that will 
be a basic tool for the proof of Theorem 11.31 given in the next section. 

The starting point is a very useful decomposition of P^^^- The intuitive idea is that a 
path {Sn}n<N can be split into two main ingredients: 

• the family {Tk}k=o,i,... of returns to zero of S, already introduced in 1)2. 1|) : 

• the family of excursions from zero {Si-^-rf._-^ ■ < i < t^ — Tk-i}k=i,2,... 
Moreover, since each excursion can be either positive or negative, it is also useful to 
consider separately the signs of the excursions a^ := sign(S'rj._i+i) and the absolute values 
{ek{i) := |5i+T-j._J : i = 1, . . . ,Tk — Tk-i}- Observe that these are trivial for an excursion 
with length 1: in fact if Tk = t^-i + 1 then cjfc = and 6^(0) = 6^(1) = 0. 









Z%-kfi,. ~ (c^Ca) 


exp (Fo; 


(iV- 


k)). 


(2) If 5^ 


= 


1 then there 


exist constants n't 


> 0, a 


= f,c, 


. such that: 






^N- 


-kfikUJ 


- KU ^, 


7^ 


-kfit^u 


- (4ea)- 


(3) If 5^ 


< 


1 then there 


exist constants A^ 


,r, > 0, 


a = f. 


c, such that: 






z%_ 


-fc,6»fcw 


- . AC 


^N-kfi^uj ~ 


A' ' 




''"-'? JV3/2 ' 


"'^ Ari/2 • 
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Remark 4.1. A word about definiteness: if r^ = +00 (and hence Tj = +cx) for all i > k), 
the definition of the variables ai and ej(-) given above do not make sense for i > k. However 
the problem is immaterial, since in this case these variables are irrelevant for the purpose 
of reconstructing the path {Sn}n, and consequently we agree to define ai and ej(-) for 
i > A; in an arbitrary way. 

The process {Tk)k can be also viewed as a (random) subset of N U {0}, and for this 
reason we will refer to it as to the contact set (of course we have in mind the polymer 
interpretation of our model described in the introduction). The crucial point, already 
exploited in |5j to obtain the scaling limits our our model, is the following description of 
the law of the contact set and of the excursions under the polymer measure P^^. 

4.1. The contact set. We recall the definition ln = sup{A; : r^ < N}. Let us first con- 
sider the returns {Tk)k under PJv^. The law of this process can be viewed as a probability 
measure p^^ on the class An of subsets of {1, ... , N}: indeed for A S An, writing 

A = {ti,...,^A\}, =: to<ti<---<t^A\ < N, (4.1) 



we can set 



P%JA) ■.= P%(n = ti, i<iN). (4.2) 



The measure p^^ describes the set of contacts of the polymer with the interface. From 
the inclusion of An into {0,1}^'-^'^°^, the family of ah subsets of N U {0}, Pnoj '^^^ be 
viewed as a measure on {0, Ij^^i^J' (this observation will be useful in the following). 

Let us describe more explicitly pf^^i^A), using the (strong) Markov property of P^^^. 
We use throughout the paper the notation ()4.1() . Recalling the definition l\'2A^ of Ma^/^{t), 
we have for a = c, f : 



PN,u{{ko, • • • , kn}) = P%^^ in = ki,...,Tn = kn 

n 

YlM[k,^i],miki-ki-i) 



U=i 
for all =: fco < A;i < • • • < A;„ < A^ and a = c, f . 



^N-k„,e.L, (4.3) 



7a 



4.2. The signs. From the very definition H1.5() of our model it is easy to check that, 
conditionally on {ln, {tj)j<ln}^ the signs {crk)k<i,N ^^^ under P^^ an independent family. 
For k < In, the conditional law of ak is specified by: 

- if Tfc = 1 + Tk-i, then ak = 0; 

- if Tfc > 1 + Tfc_i, then ak can take the two values ±1 with 



P%J^k = +l 



1 + exp {-(Tfc - Tk-i) h^ + ^Tk-illTk]} 



(4.4) 



Observe that when r^j^ < N (which can happen only for a = f ) there is a last (incomplete) 
excursion in the interval {0, . . . , N}, and the sign of this excursion is also expressed by (|4.4|1 
for k = Ln + 1, provided we set t^j^+i := N. 
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4.3. The moduli of the excursions. Again, from the definition of our model it follows 
that, conditionally on {ln, {Tj)j<if^, (crj)j<t^_|_i}, the excursions (efc(-))fc<i _i_i are under 
P^^ an independent family. For k < ln, the conditional law of ek{-) on the event {r^-i = 
^0, n = h} is specified for / = (/i)i=o,.../i-£o by 

\ ' . (4.5) 

= V[Si = h: i = 0,...,ii-eo Si>0: i = l,...,h-io-l, Se.^eo = o) • 

For a = f, when t^^ < N the conditional law on the event {r^j^ = £ < N} of the last 
incomplete excursion et^+i(-) is specified for / = (/j)i=o,...,Af-£ by 



= p(Si = fi: i = 0,...,N-i 



(4.6) 
5,- >0: i = l,...,iV-^l 



4.4. Building the infinite volume measure. We stress that the above descriptions 
of the contact set, of the signs and of the moduli of the excursions fully characterize 
the polymer measure PJv^- A remarkable fact is that, conditionally on (rfc)fc>o, the joint 
distribution of i(^j,ej)j<LM does not depend on N: in this sense, the A^-dependence is 
contained in the contact set law p^ ^ . 

For this reason, the next section is devoted to the study of the asymptotic behavior of 
the contact set measure p^^^ as A^ — > oo. The main result is that, for every ry G §, the 
measure p^^^ converges weakly on {0, Ij^^i'^J', as A^ — > oo along the subsequence [A^] = r/, 
toward a limit measure pZ'"" (which in general depends on a and ij). 

From this result and from the above considerations, one would like to infer that the full 
polymer measure P^^^ converges weakly on Z^^'^'^j, as A^ ^ oo along [A^] = r/, toward a 
limit measure P^,'*^ which is constructed by pasting the excursion over the hmit contact 
set. This is indeed true when the cardinality of the contact set {Tn}n is infinite under the 
limit contact set law p^ := pS'", that is when p^ir^ < +oo) = 1 for all A; > (we will see 
that this is what happens when 6^^ > 1). In this case the infinite volume polymer measure 
F^ := P^,'" can be completely reconstructed from p^^ (to lighten the notation, for the rest 
of this section the dependence of P^,'" and pS'" on a and ij will be omitted). 

However when J^^ < 1 it turns out that the cardinality of the contact set is p^-a.s. 
finite, hence there is a last infinite excursion. In this case to obtain the weak convergence 
of the full polymer measure P^ ^ it is also necessary to determine the law of the sign of 
the last infinite excursion. But let us describe more in detail how to construct the infinite 
volume polymer measure P^^. 

The proper case. We consider first the case when Pi^(Tfc < +oo) = 1 for all k > 0. Then 
the infinite volume polymer measure P^ is the law on Z^^i^^J under which the processes 
{tj)j, {(7j)j and {ej{-))j have the following laws: 

• The process {tj)j is drawn according to p^^. 

• Conditionally on {tj)j, the variables {crj)j are independent. The conditional law of 
(Tfc depends only on (rfc_i,rfc) and it is specified in the following way: 

- if Tfc - Tk-i = 1, then ak = 0; 

— if Tfc — Tfc_i > 1, then ak takes the two values ±1 with probabilities given by 
the r.h.s. of (|4.4|1 . 
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• Conditionally on {Tj,aj)j, the variables (ej(-))j are independent. The conditional 
law of efc(-) on the event {t/^-i = io,Tk = ii} is given by the r.h.s. of (|4.5() . 
Of course these requirements determine uniquely the law P^j- 

The defective case. Next we analyze the defective case, when the cardinality of the set 
{Tn}n is p^-a.s. finite, which is what happens when 5i^ < 1. 

Let us denote by p := sup{/c > : r^ < +00} the index of the last point in the contact 
set, and by assumption we have P(^(/5 < +00) = 1. In this case to characterize the infinite 
volume polymer measure P^; it suffice to specify the laws of the processes (Tj)jgNu{o}, 
(o-j)j=i,...,p+i and (ej(-))j=i,...,p+i under P^^. 

As before, the process {tj)j is drawn according to the law p^^. Conditionally on {tj)j 
the variables (o"j)j=i^...^p+i are independent, and conditionally on {Tj,aj)j, the variables 
(^i('))i=iv,p+i ^^^ independent: therefore it remains to specify the conditional laws of ak 
and of efc(-), for A: = l,...,p + 1. However it is easy to see that for k < p there is still no 
change with respect to the proper case, that is the conditional laws are given by the r.h.s. 
of (|4.4|) and (|4.5|) respectively. Hence we are left with specifying the conditional laws of 
the last sign cTp+i and of the last modulus ep+i(-). 

For the last modulus the answer is rather intuitive: on the event Tp+i = i, the conditional 
law of ep+i(-) is given for any n G N and for / = (/i)i=o,...,n by: 



'\ek{i) 



fi : i = 0,...,n 



lim P[Si = fi : i = 0,... ,n 



= Pl(^5, = /, : i = 0,...,n 
Si>0: i = l,...,Af 



(4.7) 



where the existence of such limit is well known, cf. jH]. 

On the other hand, the law of the sign of the last excursion cTp+i has to be determined 
by a direct computation and this will be done in ^5.21 Once this is done, the construction 
of the measure P^^ in the defective case is complete. A remarkable fact is that, for the 
choice of free or constrained boundary conditions, the law of o"p+i is in fact determined 
by Pj^. However this is not true in general: one can show (we will not pursue this point in 
detail) that more general boundary conditions may yield different infinite volume measures, 
having the same law for the contact set but a different law for the sign of the last infinite 
excursion. 

5. Infinite volume limits 

This section contains the proof of Theorem 11.31 We study the limit as A^ — > 00 of the 
polymer measure P^^^, using the sharp asymptotic behavior of the partition function given 
in Theorem 13. II We recall that P^^^ is a probability measure on Z^'-^^'^j and that we endow 
the latter space with the product topology, hence weak convergence means convergence of 
all finite dimensional marginal distributions. 

Our focus is mainly on the contact set law p^^^, defined in ()4.2() . which is a measure on 

{0, Ij^^i'^J'. We are going to show that, for a = f, c, for any fixed ry G S and for any value 
of 61^, the measure p^;^ converges weakly on {0, Ij^^i'^J' as A^ ^ 00 along the subsequence 
[A^] = 7]. When 6^^ > 1 the convergence actually holds true without having to impose the 
[A^] = r] constraint, while when 5i^ < 1 the limit may really depend on the value of r] and 
of a = f,c (in ^5.21 we characterize precisely the instances in which this happens). 

Once the convergence of p^^^ (as A^ — > 00 along [A^] = t]) is proven, the analogous 
statement for the polymer measure P^^^ follows by the arguments given in ^4.41 
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Remark 5.1. In the proof we actually show that, under the limit measure of p^^^, the 
process {Tf:}k>o is a Markov renewal process with modulating chain {Jk}k>o '■= {['^fc]}fc>o- 
This means that, setting Tk := Tk — Tk-i for /c G N, the joint process {{Jk^Tk)}k&i is 
a Markov chain on S x N such that the transition probability to go from {Jk,Tk) to 
(Jfc+i,Tfc+i) does not depend on J^: 

F{{Jk+i,Tk+i) = {P,n)\{Jk,n) = {a,m)) = T^^p{n) , (5.1) 

see also Remark 12 . 2 1 and the lines that follow it. The transition kernel TQ,^/^(n) is called the 
semi-Markov kernel of the Markov renewal process {t^}- We are going to find an explicit 
expression for Ta^/^(n), showing in particular that the laws of the T^ are: 

(1) integrable if (5a; > 1 (localized regime); 

(2) defective if 5^^ < 1 (strictly delocalized regime); 

(3) non integrable if (J^j = 1 (critical regime). 

A detailed account on Markov renewal processes can be found in |^. 

Next we pass to the proof of Theorem 11.31 For ease of exposition, we consider first the 
cases 5uj > 1 and 6i_j = 1, where there are no problems of uniqueness, and then the more 
delicate strictly delocalized regime 5^^ < 1. 

5.1. The regimes (J^; > 1) and {6i_j = 1). We are going to prove the following: 

Proposition 5.2. If 5^^ > 1 then the polymer measures Pj\f^ and P% ^^ converge as 
N ^ oo to the same limit P^;, under which {Tk)k>o is o, Markov renewal process with 
semi-Markov kernel {Va,fi{x) : a, (3 £ SjX £ N), defined by: 

r„,^(x) := M^^fs(.x)e-'-^^. (5.2) 

We recall that F^ = if 6^ < 1 and Fi^ > if 6^ > 1. 

Proof of Provosition [^~^ By the asymptotic behavior of Zf^^ in (|3.2|) and (|3.3|) above, we 
have for all a,rj £ § and k £ a: 

3 Um ^Lm^ = ,-p./.M, (5.3) 

and since the right hand side does not depend on rj, then the limit exists as A^ — > oo. 
By (|0]1 it follows that for =: feo < A;i < • • • < fc^, a = c, f : 



lim p%^^{{ko,...,kj}) 



^ — Fujkj 



kkj 



Cf, 



(5.4) 



.1=1 
1=1 

and this shows that p^^j converges weakly on {0, Ij^'-'l'^j as A ^ oo toward the law p^^ 
under which {Tk)k>o is a Markov renewal process with semi-Markov kernel Ta^f^{x). 

Notice that X^a;GN/9G§-'^"./3(^) ~ -*-' ^^^^ ^^ Puji'^k < +oo) = 1 for all A; > 0. Therefore the 
weak convergence of the full polymer measure P^ ^ on X^'^i^' follows from the arguments 
given in ^4.4| and the proof is completed. D 
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5.2. The regime {5ai < 1). We introduce the subset of w defined by 

V< := {to : 5^ < I, h^=0, 3a,/3: S„,^y^O} , (5.5) 

where h^^ and ^a,f3 have been defined respectively in l\l.'3\i and H2.2|) . We are going to prove 
that when uj V^ both the free and the constrained polymer measures P^^^, a = f, c, 
converge weakly as A^ ^ oo, without having to impose the constraint [A^] = r], while for 
UJ G V^ the limit exists as A^ ^ oo along [N] = rj and in general depend on the choice of a 
and 7]. It is worth stressing that for the two motivating models introduced in Remark II. 11 
the pinning and the copolymer models, lo never belongs to V^ . This is clear for the pinning 
case, where by definition S = 0. On the other hand, in the copolymer case it is known 
that if /lo; = and 3 a, (3 : ^a,i3 7^ then (J^^ > 1, cf. jHl App. B]. 

It will turn out that in the strictly delocalized regime there exists a.s. a last return 
to zero, i.e. the process {Tk)k>o is defective. In order to express this with the language 
of Markov renewal processes, we introduce the sets S := S U {oo} and N := N U {oo}, 
extending the equivalence relation to N by [oo] = oo. 

We need some notation: we set 

{CA'(l + exp(S«,/3)) if /i^ = -^ 

ck if /iw > 

We notice that for any u: 

L^^I3 := Jim x3/2M„,^(a;). (5.7) 

[x]=f3-a 

In [SI §3.4] it is proven that the constants A^ appearing in (|3.4I) are equal to: 

A^„,, = [{1-B)-'L{1-B)-']^^^, A^,, = [[l-By'L]^^^, (5.8) 

where B is defined in ()2.5() . Finally we set for all a,rj £ S: 

/^a,r, := [^(l--^)~^]a,,y' ^a,'? "= ^c.,r?, (5.9) 

and for all r/ G S and a = f , c we introduce the semi-Markov kernel on S x N: 

' Ma,p{k)A''p^^/Kl^^ a£§, X G N, /? = [x] G S 

tJ'a,v/K,v « ^ S' X = oo, /5 = [oo] 

1 a = P = [oo], X = 

otherwise. 

Notice that T^'"" is really a semi-Markov kernel, since for a G S: 



rr^(-) 



(5.10) 






^^ + ^— CA" -u" ) = 1 



We are going to prove the following: 
Proposition 5.3. Let 6^ < 1 and 77 G S. Then: 
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(1) for a = f,c, Pff i^ converges weakly as N ^ oo along [N] = rj toward a measure 
P^,'", under which {Tk)k>o is a Markov renewal process with semi-Markov kernel 
given &?/ r^'^^(a;). 

(2) if uj ^ V^ , then P^,'" =: P(^ CLiT-d V^'"" =: T^ depend neither on r] nor on a, and 
both Pjvo; '^'^^ ^N LD converge as N ^ oo to P^^, under which {Ti^)k>o is a Markov 
renewal process with semi-Markov kernel V^. 

Remark 5.4. Part (2) of Proposition 15.31 is an easy consequence of part (1). In fact from 
equation H5.6() it follows immediately that when uj ^ "P^ then both matrices {L^^p) and 
{La^p) are constant in a, and therefore A" factorizes into a tensor product, i.e. 



A" 



\°- 11°- 



a,r] eS, 



(5.11) 



where (AQ)Q,g§ and {v^)a£S are easily computed. But then it is immediate to check that 
the semi-Markov kernel T^'"" =: T^ depends neither on r] nor on a. 



Proof of Provosition \5.c\ By the preceding Remark it suffices to prove part (1). By ()3.4|) 
we have we have for all a, ry G S and k £ a: 



3 hm 

N£r] 



ya 



^N,u 



A", 



1.'? 



By (|0|) it follows that for =: /cq < A;i < 
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This shows that p^^^ converges weakly on {0, Ij^^i^^J as A^ ^ co, [A^] = t], toward the law 
pZ'"" under which {Tk)k>o is a Markov renewal process with semi-Markov kernel r^'^(x). 

However this time the semi-Markov kernel is defective, that is ^^seSxeN^a's^^) ^ -*■' 
hence the contact set {Tk}k>o is pS'^-a.s. unbounded. By the arguments given in ^4.41 to 
obtain the weak convergence of the full polymer measure P^^, as A^ — > cxd along [A^] = ij, 
toward a limit law P^,'*^, it remains to determine the law of the sign cTp+i of the last 
(infinite) excursion (the notation has been introduced in ^4.4|) . 

We start with the free case. We want to show that P^^ (S'tv > O) has a limit as A^ ^ oo 
along [A^] = r]. By conditioning on the last zero before A^ we get 
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where K{-) has been defined before H1.9() and M^* denotes the convolution of the kernel 
M with itself k times, the convolution between two kernels F and G being defined by 

n-l 

{F*G)a,f3in) := ^ ^ F„,-y(m)G^,/3(n - m) . 

m=l 7G§ 
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Therefore, using (|1.9|) and (|3.4|) and recalling the definition (|2.5j) . we obtain 

3 hm F%^^{Sm > 0) = -^ ^(1 - i3-^)[o],7 • (5.14) 

[N]=r] [0].»? 7eS 

Next we consider the constrained case, where we focus instead on Pnlu{^IN/2\ > O)- 
Conditioning on the last zero before and on the first zero after [N/2\ , we can write 

'Pn,uj {^lN/2\ > O) 

1 L'^/'J ^-' f\ (0)\ 

= ^^ E E E E ^^[o],7(-) 2 ^(- - ") ^^^ <[^] (^ - -) ' 

and using again (|1.9j) and (|3.4|) we obtain 

3 hm P^^,^(5l^/2J >0) = -^ ^(i_i?-i)[oj^^^e'^c°\l-i?-i)^,^. (5.15) 

Now it is easy to check that (|5.14p and (|5.15j) give exactly the probability, under the 
infinite volume polymer measure P^,'*^, that the sign Up+i of the last (infinite) excursion 
equals +1, and this completes the proof. D 

6. NON UNIQUENESS OF THE INFINITE VOLUME MEASURE 

We want to show that all infinite volume measures P^'" appearing in the strictly delo- 
calized regime b^ <\^ see Theorem ll.3l and Section |H1 are in reality superpositions of only 
two measures Q^ and Qj, that are extremal Gibbs measures for our system. We split the 
exposition in two parts: 

• in H6.1l we show, by purely combinatorial arguments, that the law of the contact 
set under P^,''^ is a superposition of two basic laws q^ and q~; 

• in H6.2l we show that q^ and q~ can be extended to two laws Q^ and Qj for the 
whole process {Sn}n which are extremal Gibbs measure for our system. 

6.1. Decomposition of the contact set law. Let p2.'° denote the law of the contact set 
{Tk)k>o under the infinite volume measure P^,''^- As it has been shown in ^5.2| under p^,'" 
the process {Tk)k>o is a Markov renewal process with semi-Markov kernel F^'", defined in 
(|5.10|) . More explicitly, for every n G N and for all =: k^ < ki <■■■< kn we have: 

PZ'"'{{ki,--- ,kn}) = rj(]j j^^j(A:i) •• • rj^^_^j j^^j(/i;„ - /i:„_i) 

^\k 1 V (6.1) 

= M[0],[k^](.kl) ■ ■ ■ M[k„^^]^[k„]{kn - kn^i)- " ' 






where A° ^ is defined in (|5.8() and the basic kernel Ma^p{n) has been introduced in (|2.4|) . 

To express the law pS'*^ as a superposition we are going to exploit the algebraic structure 
of 1)6.11) . However the steps are more transparent if carried out in a general setting, and 
one is led to the following definition: we introduce the set C defined by 

C := Lg(0,oo)^ : ^('^M„,^(n)]z;;3<t'a, V a € s| . (6.2) 
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More explicitly, we recall that -Bq,/? := J2n€N ^a,f3in) has spectral radius S^^ < 1, and 
therefore we have 

C = L = {I- B)-^w, w G [0, cx))^\{0}| . (6.3) 

The reason for such a definition is that if (and only if) u G C then the kernel Ma^i3{n)-Vj3/va 
is a (defective) semi-Markov kernel, that is 'Yli3n-^a,p{'n)vp/va < 1 for every a G §. 
Therefore, for all v G C, we can define a (defective) law q" for the contact set {rfcl^gN by 

q''[{ki,...,kn}) ■■= M[o],[fci](/ci) ••• Af[fc„_^]jfcj(A;„-/i;„_i) -, (6.4) 

for every n G N and for all =: fco < /ci < • • • < A;„. 

Now let us take two arbitrary vectors v^ ,v~ G C. Since C is a convex set, for all p G [0, 1] 
the vector v := pv~^ + (1 —p)v~ belongs to C, hence the law q^ is well-defined. The crucial 
result is expressed by the following combinatorial lemma. 

Lemma 6.1. The law q^"" +(i^p)^ is a superposition of the laws q^ and q" : 

q« = r q"" + (1 - r) q^ , where r = —^ ^^ G [0, 1] . (6.5) 

P<1 + (1-P)%1 



Proof. By 1)6. 4[) . all we have to verify is that for every a G S 
By the definition (|6.5|1 of g, we can rewrite the l.h.s. above as 



r^ + (1-r)^ = """l ^,):~'i'l ■ (6.6) 



P'^m v± (1-1')^[, 



^^[0] + (1 - P) ^[0] ^[0] P^[0] + (1 - P) ^[0] ^[0] 

Pvt ^ {l-p)v- _ pvt + {l-p)v-^ 



(6.7) 



P%\ + (1 - P) ^[0] P%\ + (1 - P) ^[0] P%] + (1 - P) ^[0] 

and the proof is completed. D 

Next we come back to our model. We define two vectors v~^{lo) and v~{ijo) by 

7;+(a;)« := ^(1 - B)-^^ v-{uj)a := ^(1 - 6)^1^ e-^M- (6.8) 

7es 7g§ 

where B«,^ = B'^^^ := EneN^a,/3(^)' see (E^)), and S„,^ is defined in ((Ol). From K^ 
we have that v'^{(jj) G C, and the corresponding laws p'' ^'^' will be simply denoted by qj: 

9+:=q'^^("^ 9J:=q'^"^"^ (6.9) 

We are ready to state the main result of this paragraph. 

Proposition 6.2. For every a = f, c and r] £ §, the measures pZ'"" are superpositions of 
the two laws q'^ and q~ : 

pr = r{r],a,u;)q+ + (l - r(r?, a,c^)) qj , (6.10) 

with r{r], a, m) G (0, 1) . 
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Proof. We introduce the vector v{r],a,CL!)a '■= AJ^ (the dependence of AJ^ ^ on w has not 
been exphcitly indicated, but of course is present), and notice that the law pS'" coincides 
with q^(v,ci,<^)^ cf. (jHIII) and (lOl) . 

To prove that pS'" = q'"'-^'"-'^' is a superposition of q^ = q" ^^\ we are going to exploit 
Lemma |6. II Let us be more precise: we are going to show that, for every a = f, c and 
r/ G S, the vector v{r],a,uj) is a linear comhination of two vectors v~^{uj) and v~{uj) with 
positive coefficients: 

v{rj,a,uj) = xv'^{uj) + yv^{uj), x,y(^W^. (6-11) 

Then the vector v{r],a,uj) can be written as the following convex combination: 

v{r],a,uj) = w~^(io) + w~(uj), w^ (uj) := (x + y) v^ (u;) , (6.12) 

X + y X + y 

and Lemma 16.11 yields that q'"'y^^°-^^) = p^,'" is a superposition of the two laws q^ *^'^' . 
However it is straightforward to see from (|6.4|) that the laws q^ ^^' are the same as 
qV (uj) ^ because the vectors v (uo) and t(; (u;) differ only by a scale factor. Therefore from 
(|6.11j) it follows indeed that p2>'" is a superposition of q^, that is what we have to prove. 
Therefore it only remains to show that (|6.11j) holds true, where of course x = x{ri, a, uj) 
and y = y{a,rj,uj). We consider first the constrained case o = c: from the definition (|5.8)) 
of A^ and from the definition 1)5. 6|) of the matrix L, we can write for q G § 

Observing that S^^^ = Sp]^^ — Sjoj^-y and recalling the definition (|6.8|1 of v {uj) we obtain 



.(c,,,.)„=^^e-c (l-i5)-M.+ (.)„+^j;e-c'+^[ou(i_i,)-M,-(,)^, 

which shows that (|6.1H) holds true for a = c and gives an explicit expression for x{c, rj, to) 
and y{c,r],Lu). With analogous (and simpler) arguments, for the free case we get 

v{f,r],Uj)a = CKV^{ij)a + (cft-e^M,^) ^- (^)^ , 

Thus ()6.11|) holds true also for a = i, with x(f, r/, w) = ck and y{i,ri,uj) = ckg M''', and 
the proof is completed. D 

Finally, we observe that one can obtain an explicit formula for the weight r{ri,a,uj) 
appearing in 1)6. 1U() . From the expression for r given in (|6.5() and from (|6.12() it follows 
that 

x(r/,a,u;)v+(w)roi 



r{r],a,uj) 



x(r/,a,a;)u+(w)[o] +y{'n,a,u;)v (a;)[o] 
x{r],a,u;)v+{uJ)lQ^ x(r/, a, w) t;+(w)rc 



v{r],a,oj)^ AI'q],^ 

having used (|6.11j) and the definition v{r],a,uj)a '■= ^a,ri- Observe that the precise values 
of x{7],a,u!) is the coefficient of v^{ui)a in the last two equations of the proof of Proposi- 
tion IHIS cf. (|6.11j) . Then, recalling the definition (|6.<S|) of v {u), we obtain the following 
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formula for r(r], a, uj): for the constrained case a = c 

(0) 

r(r?, c,cj) = '-^ — , (6.13) 



and for the free case a = i 

r(r/,f,cj) = -^ . (6.14) 

The exact value of r(rj, a, to) will be important in the next paragraph. 

6.2. Extremal Gibbs measures. The aim of this paragraph is to show that the decom- 
position of the contact set law pS'" in terms of the two laws q^, proved in the previous 
paragraph, can be lifted from the space of the contact set {r„}„ to the space of trajectories 
of {Sn}n- More precisely, we are going to show that for all a = f , c and a E S the infinite 
volume measure P^,'" is a superposition of two laws Q^ , depending only on lo, which have 
q^ as contact set laws and which are extremal Gibbs measures for our system. 

Let us first recall some basic notions. A measure Q on iJ^'^'-^j is said to be a Gibbs 
measure for our system if it satisfies the so-called DLR equation, that in our setting reads 
as follows: for all M G N and for all A C Z^ we have 

Q((5i, ...,Sm)c^A\Sm) = Pii^^iiSi, ...,Sm)^A\Sm) Q-a.s. . (6.15) 

The set of all Gibbs measures is clearly a convex set, that is if Qi and Q2 are Gibbs 
measure and p € [0, 1] then the convex combination pQi + (1 — p)Q2 is a Gibbs measure 
too. If a Gibbs measure Q cannot be written as a nontrivial convex combination of two 
distinct Gibbs measures, then Q is said to be extremal. The standard reference on Gibbs 
measures is [T2I. 



Both the free and the constrained polymer measures P^vi^ and P^ ^^ satisfy relation 
(|6.15j) for any M < N. Then it is not a surprise that any weak limit of P^^^, as A^ ^ cxd 
along a subsequence, satisfies (|6.15|) for all M G N, that is it is a Gibbs measure, cf. [T2I 
Th. 4.17]. In particular, all infinite volume measures P^'° for a = f,c and rj £§, that are 
found in Theorem 11.31 are Gibbs measures. 

The basic Gibbs measures Q^ extending q^ are introduced in the next lemma. 

Lemma 6.3. There exist two extremal Gibbs measures Q^ and Qj such that the law of 
the contact set {Tn)n>o under Q^ is exactly q^. Moreover these laws satisfy 



QZ( lim Sn = +00) = 1 QZ{ lim Sn = -00) = 1. (6.16) 

The proof of this lemma is given below. Now that we have introduced the two laws QJ, 
we are ready to state and prove the main result of this section. 

Proposition 6.4. For all a = f , c and r] £ S, the infinite volume measures P^,'" given 
in Theorem \l.c\ for 5^^ < 1, are superpositions of the two laws Q^ and Q~ given in 
Lemma \6.'J\ More precisely: 

Pr = r(7/,a,u;)Q+ + (1 - r(r?,a,a;)) Q" , (6.17) 

where the weight r{r],a,uj) G (0,1) is given by (|6.13|) and (|6.14|) for a = c, f respectively. 
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Proof. We already know by Proposition 16.21 that relation l|6.17|) holds true if restricted to 
events involving only the contact set, see (|6.1()j) . Now notice that, conditionally on the 
level set, the law of the signs and of the moduli of the excursions (except for the last 
infinite one) are the same under the three laws P^,'"^, Q^ and Q~, that is they are given 
by (|4.4|) and (|4.5)) : this is just because all three laws are Gibbs measures for our system 
and hence satisfy the relation (|6.15j) . Therefore relation (|(i.l7j) holds true if restricted to 
the events that happen not later than the last contact point (more precisely, restricted on 
the cr-field cr{Tp, Sk '■ < k < Tp), where p := sup{A; > : r^ < +cxd} is the index of the 
last contact point). 

Then it remains to focus on the sign cTp+i and on the modulus ep+i(-) of the last 
(infinite) excursion (the notation has been introduced in ^. For the modulus ep+i(-) 
there are no problems, because it has the same law under each of P^,'", Q^ and Q~, see 
H4.7|) . About the sign cip+i, we know from Lemma 15.31 that under Q'^ it is +1 and under 
Qj it is —1, hence under the r.h.s. of (|6.17|) the variable cjp+i takes the values +1 and —1 
with probabilities respectively equal to r{r],a,uj) and 1 — r{r],a,io). However, the l.h.s. of 
(|6.17j) . that is P^,'", gives exactly the same law to cjp+i, cf. (|5.14|) and (|5.15j) with (|6.14|) 
and (|6.13|) . and this completes the proof. D 

Proof of Lemma lfi.'A Let us introduce two modified finite volume polymer measures P^^ 
and P^ ^ , defined by 



dP^,. 



e^pjn'^iS)) dP^,..,.. . exp(7^^(5)) 
W) ■= ^T ^{Sn>o) ^-p i^) ■= ^^ l(Sjv<o), (6.18) 



N,LO N. 



and notice that Zj^^ = Zj^^ ■ Pj^^{Sn ^ 0), cf. H1.5|) . Then from Theorem 13.11 and 
equation ()5.14|) it follows that for any fixed A: > 0, as A^ ^ cxd along [N] = r] 



Therefore for every fixed /c > we obtain 

where the vectors v^{uj) have been defined in ()6.8() . But then, following closely the proof 
of Proposition 15.31 it is easy to prove that both the measures P^ ^ converge weakly on 
^Nu{0} as A — > oo toward two limit measures, that we denote by Q^, such that the contact 
set {t„}„>o under Q^ has law q^, cf. ()6.9() . In particular, the cardinality of the contact 
set {r„}„>o is Q^-a.s. finite. Moreover, by the definition ()6.18|) of P^^, it follows that 
the sign of the last (infinite) excursion under Q^ (resp. under Qj) is deterministic and 
takes the value +1 (resp. —1). This proves 1)6. 16() . 

Being weak limit of finite volume polymer measures with suitable boundary conditions, 
the two laws Q are automatically Gibbs measures for our system, cf. |121 Th. 4.17]. To 
complete the proof, it only remains to show that they are extremal, and by jl21 Th. 7.7] this 
is equivalent to showing that they are trivial on the tail a-field of the sequence {Sn}n>o- 

Let us denote by Qn '■= o'iSk '■ k > n) the cr-field generated by the variables {Sk} with 
index k > n. We recall that the tail u-field T is defined by T := flmeN ^rn- Let us denote 
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by ^ the inverse shift defined on Gi , that is for A £ Gi the event @A € Go is defined by 



G Q-'A 



on G'. 



iSi,S2,S3,...)GA. 
n, in particular if A €z T then G" 



M is 



{So,Si,S2, 

By iteration we can define the n-shift 0" 
well defined for all n G N and Q'^^A £ T. 

We have to show that Q^ (A) = for all A £ T, and for conciseness we focus on Q^ (the 
case Q~ is analogous). We recall that p := supjA; > : r^ < +cxd} denotes the index of 
the last contact point, and we stress that Q^{p < +oo) = 1. We also recall from ^4.41 that 
the last excursion {ep+i{k)}k>o '■= {STp+k}k>o has under Q^ the law P^ of the random 
walk conditioned to stay positive, see (|4.7|) and 3 . We point out that PMs the law of a 
Markov chain on N U {0} which is transient: P^(lim7v->oo Sj\f = +cxd) = 1, cf. jSj- 

By conditioning on the value of the last contact point, we can write 



QtiA) = Y^Q+{A\T, = n)Q+{Tp = n). 



(6.19) 



n>0 



However if A £ T then A G Gm for all n, hence 



Q^iA\Tp 



n] 



Q+{{Sn+k}k>oC^A\Tp = n) = pT(e-M) 



We have already remarked that Q "'A G T for all n, hence if we show that the law pT is 
trivial on T then from 1)6. 19(1 it follows that Q'^{A) = and this completes the proof. 

Let /c G N, 4, • • • ,4 G N and set M„ := P^Si = ii,i = I, . . . ,k\ Gn), n > k. Then 
{Mn)n>k is a (^n)n>fc~iiiverse martingale, hence M„ converges P^-a.s. and in L-'^(dPT) to 

. . ,k\T). On the other hand, by the Markov property: 

I K I yn) ^ P [^i ^ M; * ^ i, . . . , fc I bn) 



M:=P\Si = £i,i = l, 



n 



p{ 



p. 



C) '-'n 



pUo,5„) 



>T_ 



(6.20) 



-a.s. 



where Iq := and p!(a, h) is the j'-th iteration of the transition kernel of P , that is the 
P^ -probability that S goes from a to 6 in j steps. Now we claim that for every x G N 

Pn-ky^'^n) 



lim 

n— >oo 



pUO, Sn) 



-a.s. 



(6.21) 



Then we obtain: 



P\S, 



i,...,k\r) 



n^i(^^ 



a,^ij 



pHs, 



,i = l,...,k) 



and it follows that T is independent of cr{Si : i = 1, . . . ,k). Since this is true for all A; G N, 
T is independent of itself and therefore must be trivial. 

It remains to prove (|6.21|) . We recall that P' is the law of a transient Markov chain 
on M, cf. 3 , and we denote by P], the law with starting point x G N U {0}. Then we can 
rephrase ()6.21|) in the following way: for all fc, x G N 

Pl{Sn-k = y) 



lim 

n— >oo 



KiSn = y) 



1, 



-a.s. 



(6.22) 



y=S„ 



We stress that we already know that the l.h.s. of this equation has a limit as n — > oo, 
pT-a.s. (it suffices to give a look at the r.h.s. of 1)6. 2U() and to recall that the l.h.s. of 
(|6.2()j) converge P^-a.s. by the martingale argument outlined above). Therefore it suffices 
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to show that, for P^-a.e. S = {Sn}n, there exists a subsequence {nk)k = {nk{S))k such 
that the l.h.s. of (|(i.22|) tends to 1 as n — > oo along the subsequence {nk)k- 

Let us denote by {{Rt}t>o,P) a standard Bessel(3) process starting from zero. Then 
from [H Th. 5.1] we have that, for any fixed x, under P]^. the sequence S'„/(^2p-yn) 
convergence in law toward Ri (note that y/2p is the variance of ^i under the unperturbed 
random walk measure P). In particular, for all < a < 6 < oo we have 



PUSn G \a^/2^^, h^^ 



P{Rie [a,b]) 



{n — > cxd) 



(6.23) 



It follows that, for Pj.-a.e. 5 = {5„}„, there exists a subsequence {nk)k = {nk{S))k such 
that liminffc Sn^^j ^fuk > and limsup^ Sn^/y/nk < oo : indeed, from (|6.23|) and by Fatou's 
lemma 

H(Sne 



^^/^,6v^V^ i-o.) > P{Rie[a,b\), 

where {An i.o.} := limsup„ A„ for a sequence of events (j4„)„, and since P{Ri G [a,b]) 
can be made arbitrarily close to 1 by choosing a small and b large, we obtain the claim. 

Therefore, in order to prove 1)6. 22() it is enough to show that for any sequence {yn)n C N 
such that liminfn yn/\/n > and limsup„ yn/\/n < oo we have 

^xK^n-k 



Vn) 



(n 



oo) 



(6.24) 



We denote by p(-, •) the transition kernel of S under P: 

p{x,y) := pl(j^=^+i) +pl(y=^_i) + (l-2p)l(j^=^), x,yGN, 

and we denote by P^, the law of x + S" under P, x G NU {0}. We recall that the transition 
probability kernel p^(x,y) =p[{x,y) oi S under P^ is a /i-transform of p{x,y)l(^y^Qy. 

Kv) 



where /i : N U {0} 



pl(x,y) = p(x,y)l(y>o) 

(0, oo) satisfies: 

^p(x,y)l(j,>o)/i(y) 



/i(x)' 



h{x), 



x,y > 0, 



x> 0, 



see jS]. It is easy to see that necessarily h(x) = h(0) x/p for all x > 1, hence for all x, y > 1: 

PljSn-k = y) ^ P:.(5„=y,5i>0,...,5„>0) p 
pT(5^ = y) Po(S„ = y, Si > 0, ..., 5n > 0) ■ X 

^ Vx{Sn = y)-Px{Sn = -y) P 

p [Po(5n-l = y - 1) - Po(5„_l = y + 1)] ■ X ' 

where we have used the reflection principle. The Local Limit Theorem given by ^20. Th. 13 
in Ch. VII. 3] yields the expansion: 

c 



Po{Sn = z- ^/n) = 7(z) 



1 + 



n 



(z'^ - 3z) 



+ o(l/V^), 



uniformly in z G n "^' ^ N, where 7(-) is the density of A/'(0, 1) and c a positive constant. 
Then we obtain: 

P x\>^n ^ yn) ~ Px\>^n ^ ~yn) 



Po(5'„_i = y„ - 1) - Po(S'„_i 

and the proof of (|6.24|) is complete. 



yn + i) 



X . 



(n 



oo 



n 
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